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Abstract
In [T. Kim, S.H. Rim, Generalized Carlitz’s q-Bernoulli numbers in the p-adic number field, Adv. Stud. Contemp. Math. 2
(2000) 9–19], the new q-extension of Bernoulli polynomials and generalized Bernoulli numbers attached to χ were constructed
by using p-adic invariant integral on Zp . In this paper we construct the new q-extension of generalized Bernoulli polynomials
attached to χ due to author and derive the existence of a specific p-adic interpolation function which interpolates the q-extension
of generalized Bernoulli polynomials at negative integers. Finally, we give the values of partial derivative for this function and
investigate some properties which are related to this interpolation function.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
Let p be a fixed prime number. Throughout this paper Zp,Qp,C and Cp will, respectively, denote the ring of
p-adic rational integers, the field of p-adic rational numbers, the complex number field and the completion of algebraic
closure of Qp, cf. [3,10,17]. Let vp be the normalized exponential valuation of Cp with |p|p = p−vp(p) = p−1.
When one talks of q-extension, q is variously considered as an indeterminate, a complex number q ∈ C, or a p-adic
number q ∈ Cp. If q ∈ C, we normally assume |q| < 1. If q ∈ Cp, then we assume |q − 1|p < p−
1
p−1 , so that
qx = exp(x log q) for |x |p ≤ 1. In this paper we use the notation [x]q = 1−qx1−q . Hence, limq→1[x]q = x . Kubota and
Leopoldt proved the existence of meromorphic functions, L p(s, χ), defined over the p-adic number field, that serve
as p-adic equivalents of the Dirichlet L-series. These p-adic L-functions interpolate the values
L p(1− n, χ) = −1n (1− χn(p)p
n−1)Bn,χn , for n ∈ N = {1, 2, . . . , } ,
where Bn,χ denote the generalized Bernoulli numbers associated with the primitive Dirichlet character χ , and
χn = χw−n , withw the Teichmu¨ller character, cf. [2–21,23,24]. In a recent paper [18], the author constructed the new
q-extensions of Riemann zeta function, Hurwitz’s zeta function and Dirichlet’s L-function. In Section 2, we define
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the q-extension of generalized Bernoulli polynomials attached to χ and construct a new q-extension of Hurwitz’s type
L-function which interpolates the q-extension of generalized Bernoulli numbers attached to χ at negative integers.
In C, we introduce some of the basic facts about the q-extension of Hurwitz’s type L-function which interpolates
the generalized q-Bernoulli polynomials attached to χ . The values of this function at negative integers are algebraic,
hence may be regarded as lying in an extension of Qp. We therefore look for a p-adic function which agrees with at
negative integers. The purpose of this paper is to construct the new q-extension of generalized Bernoulli polynomials
attached to χ and derive the existence of a specific p-adic interpolation function which interpolates the q-extension of
generalized Bernoulli polynomials at negative integer. Finally, we give the values of partial derivative for this p-adic
function and investigate some properties which are related to this p-adic interpolation function in Section 3.
2. An q-extension of Dirichlet’s L-function
In this section we assume that q ∈ C with |q| < 1 and h ∈ Z. The classical Bernoulli polynomials are defined by
t
et − 1e
xt =
∞∑
n=0
Bn(x)
tn
n! , |t | < 2pi ,
and the classical Bernoulli numbers are defined by Bn = Bn(0). Let χ be a primitive Dirichlet character of conductor
f ∈ N. Then the generalized Bernoulli polynomials associated with χ , Bn,χ (x), are also defined by
f∑
a=1
χ(a)te(a+x)t
e f t − 1 =
∞∑
n=0
Bn,χ (x)
n! t
n, cf. [4,18]. (1)
Let us define the q-extension of Bernoulli numbers as follows:
F (h)q (t) = −t
∞∑
l=0
q(h+1)le[l]q t + (1− q)h
∞∑
l=0
qlhe[l]q t =
∞∑
n=0
B(h)n,q
tn
n! , cf. [18].
From this we can also define the q-extension of Bernoulli polynomials as follows:
F (h)q (t, x) = −t
∞∑
l=0
q(h+1)l+xe[l+x]q t + (1− q)h
∞∑
l=0
qlhe[l+x]q t =
∞∑
n=0
B(h)n,q(x)
tn
n! . (2)
We now consider the q-extension of the generalized Bernoulli polynomials attached to χ as
− t
∞∑
n=0
χ(n)q(h+1)n+xe[n+x]q t + (1− q)h
∞∑
n=0
qnhχ(n)e[n+x]q t =
∞∑
n=0
B(h)n,q,χ (x)
tn
n! . (3)
Let us define the q-extensions of Bernoulli numbers and generalized Bernoulli numbers attached to χ as B(h)n,q =
B(h)n,q(0) and B
(h)
n,q,χ = B(h)n,q,χ (0). Then we note that
B(h)n,q,χ (x) =
n∑
k=0
(n
k
)
qkx B(h)k,q,χ [x]n−kq = [ f ]n−1q
f∑
i=1
χ(i)qhi B(h)
n,q f
(
i + x
f
)
. (4)
Remark. Let δ1,k denoted the Kronecker symbol. Then we see that
B(h)0,q =
h
[h]q , q
h(qB(h)q + 1)n − B(h)n,q = δ1,n, n ≥ 1, cf. [1,2,21,22],
with the usual convention of replacing (B(h)q )n by B
(h)
n,q .
For s ∈ C, the q-extension of Hurwitz zeta function is defined by
ζ (h)q (s, x) =
∞∑
n=0
qnh
[n + x]sq
+ (q − 1)h + 1− s
1− s
∞∑
n=0
qnh
[n + x]s−1q
, cf. [12,14,18].
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Note that ζ (h)q (s, x) can be analytically continued for R(s) > 1. This function has the below values at negative
integers:
ζ (h)q (1− n, x) = −
B(h)n,q(x)
n
, for n ∈ N = {1, 2, . . .}.
In [18], the q-extension of Dirichlet’s L-function is also defined by
L(h)q (s, χ) =
∞∑
n=1
χ(n)qhn
[n]sq
+ (q − 1)h + 1− s
1− s
∞∑
n=1
qnhχ(n)
[n]s−1q
. (5)
This function can be analytically continued for R(s) > 1. Note that L(h)q (1− n, χ) = − B
(h)
n,q,χ
n , for n ∈ N, cf. [12,14,
18,19]. We now set
F (h)q,χ (t) = −t
∞∑
n=0
χ(n)q(h+1)ne[n]q t + (1− q)h
∞∑
n=0
qnhχ(n)e[n]q t . (6)
By using (6), we easily see that
F (h)q,χ (t, x) = −t
∞∑
n=0
χ(n)qn(h+1)+xe[n+x]q t + (1− q)h
∞∑
n=0
χ(n)qhne[n+x]q t . (7)
It is easy to see that the series on the right-hand side of (7) are uniformly convergent. Hence, we have
B(h)k,q,χ (x) =
dk
dtk
F (h)q,χ (t, x)|t=0
= −k
∞∑
n=0
χ(n)qhn[n + x]k−1q − (k + h)(q − 1)
∞∑
n=0
χ(n)qhn[n + x]kq . (8)
That is,
− B
(h)
k,q,χ (x)
k
=
∞∑
n=0
χ(n)qhn[n + x]k−1q + (q − 1)
h + k
k
∞∑
n=0
χ(n)qhn[n + x]kq , k ∈ N. (9)
Thus, we can consider the q-extension of Dirichlet’s L-function which interpolates the generalized q-Bernoulli
numbers at negative integers as follows:
Definition 1. For s ∈ C with R(s) > 1, and x ∈ R with 0 < x ≤ 1, define
L(h)q (s, x |χ) =
∞∑
n=0
χ(n)qhn
[n + x]sq
+ (q − 1)h + 1− s
1− s
∞∑
n=0
qhnχ(n)
[n + x]s−1q
. (10)
Note that L(h)q (s, x |χ) can be analytically continued in C with only a simple pole at s = 1. By (9) and (10), we obtain
the following:
Proposition 2. For k ∈ N, we have
L(h)q (1− k, x |χ) = −
B(h)k,q,χ (x)
k
.
We now give the integral representation of the q-extension of Dirichlet’s L-function which interpolates the q-extension
of generalized Bernoulli polynomials attached to χ in C. Let 0(s) be the gamma function. Then we can readily see
that
L(h)q (s, x |χ) =
1
0(s)
∫ ∞
0
t s−2F (h)q,χ (−t, x)dt. (11)
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From (3), (6) and (11), we note that
L(h)q (1− n, x |χ) = −
B(h)n,q,χ (x)
n
, for n ∈ N.
Let s be a complex variable, a and f be integers with 0 < a < f . Then we define H (h)q (s, a|F) as follows:
H (h)q (s, a| f ) =
∑
m≡a (mod f )
m>0
qmh
[m]sq
+ (q − 1)h + 1− s
s − 1
∑
m≡a(mod f )
m>0
qhm
[m]s−1q
= [ f ]−sq qhaζ (h)q f
(
s,
a
f
)
. (12)
Let χ(6= 1) be the Dirichlet’s character with conductor f ∈ N. Then the q-analogue of Dirichlet’s L-function can be
expressed as the sum.
L(h)q (s, χ) =
f∑
a=1
χ(a)H (h)q (s, a| f ), for s ∈ C. (13)
The function H (h)q (s, a| f ) is a meromorphic function for s ∈ C with simple pole at s = 1, having residue qhah[h f ]q , and
it interpolates the values
H (h)q (1− n, a| f ) = −
[ f ]n−1q
n
qhaB(h)
n,q f
(
a
f
)
, where n ∈ Z, n ≥ 1. (14)
Now, we modify the q-analogue of the partial zeta function as follows:
H (h)q (s, a| f ) = qha
1
s − 1
1
[ f ]q [a]
1−s
q
∞∑
j=0
(
1− s
j
)
q ja
[
f
a
] j
qa
B(h)
j,q f
, for s ∈ C . (15)
From (13) and (15), we can derive the following:
L(h)q (s, χ) =
1
s − 1
1
[ f ]q
f∑
a=1
χ(a)qha[a]1−sq
∞∑
m=0
(
1− s
m
)
qma
[
f
a
]m
qa
B(h)
m,q f
. (16)
It is easy to see that we can express L(h)q (s, x |χ) in the similar method. Using (15) to define H (h)q (s, a + x | f ) for all
a ∈ Z with 0 < a < f, x ∈ R with 0 < x < 1, we can define
L(h)q (s, x |χ) =
f∑
a=1
χ(a)H (h)q (s, a + x | f ).
Let f and a be the positive integers with 0 < a < f . Then we have
L(h)q (s, x |χ) =
1
s − 1
1
[ f ]q
f∑
a=1
χ(a)qha[a + x]1−sq
∞∑
m=0
(
1− s
m
)
qm(a+x)
[
f
a + x
]m
qa+x
B(h)
m,q f
. (17)
By (17), we see that L(h)q (s, x |χ) is an analytic for x ∈ R with 0 < x ≤ 1, s ∈ C, except s = 1. Furthermore, for each
n ∈ Z with n ≥ 1, we have
L(h)q (1− n, x |χ) = −
B(h)n,q,χ (x)
n
. (18)
In C, we introduced some of the basic facts about the q-extension of Dirichlet L-function which interpolates the
generalized q-Bernoulli polynomials attached to χ . The values of L(h)q (s, x |χ) at negative integer values of s are
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algebraic, hence may be regarded as lying in an extension of Qp. We therefore look for a p-adic function which
agrees with negative integer values of s in the next section.
3. On the q-extension of p-adic L-function
In this section we shall consider the p-adic analogues of the q-L-functions, L(h)q (s, x |χ), which were introduced
in the previous section. Indeed these functions are the q-analogues of the p-adic interpolation functions for the
generalized Bernoulli polynomials attached to χ . Let w denote the Teichmu¨ller character, having conductor fw = p∗,
where p∗ = p if p > 2 and p∗ = 4 if p = 2. For an arbitrary character χ , we define χn = χw−n , where n ∈ Z,
in the sense of the product of characters. Throughout this section, we assume that q ∈ Cp with |1 − q|p < p−
1
p−1 .
Let 〈a〉 = w−1(a)[a]q = [a]qw(a) . Then, we note that 〈a〉 ≡ 1(modp∗ p
1
p−1 ). By the definition of 〈a〉, we easily
see that 〈a + p∗t〉 = w−1(a + p∗t)[a + p∗t]q = w−1(a)[a]q + w−1(a)qa[p∗t]qa ≡ 1(modp∗ p
1
p−1 ), where
t ∈ Cp with |t |p ≤ 1, (a, p) = 1, and Zp[t] = {∑ni=1 ai t i |ai ∈ Zp,∀i}. The p-adic logarithm function, logp,
is the unique function C×p (= Cp r {0}) → Cp that satisfies (1) logp(1 + x) =
∑∞
n=1
(−1)n
n x
n, |x |p < 1, (2)
logp(xy) = logp x + logp y, ∀x, y ∈ C×p , and logp p = 0. Let A j (x) =
∑∞
n=0 an, j xn , an, j ∈ Cp, j = 0, 1, 2, . . .
be a sequence of power series, each of which converges in a fixed subset D = {s ∈ Cp||s|p ≤ |p∗|−1 p−
1
p−1 } of Cp
such that (1) an, j → an,0 as j → ∞ for all n; (2) for each s ∈ D and  > 0, there exists n0 = n0(s, ) such that∣∣∣∑n≥n0 an, j sn∣∣∣p <  for all j . Then lim j→∞ A j (s) = A0(s) for all s ∈ D. This was used by Washington [24] to
show that each of the function w−s(a)as and
∑∞
m=0
( s
m
) ( F
a
)m
Bm , where F is the multiple of p∗ and f = fχ , is
analytical in D. Let F be a positive integral multiple of p∗ and f = fχ , and let
L(h)p,q(s, t |χ) =
1
s − 1
1
[F]q
F∑
a=1
(a,p)=1
χ(a)qha〈a + p∗t〉1−s ·
∞∑
m=0
(
1− s
m
)
q(a+p∗t)m
[
F
a + p∗t
]m
qa+p∗ t
B(h)
m,qF
.
(19)
Then L(h)p,q(s, t |χ) is analytical for t ∈ Cp with |t |p ≤ 1, provided s ∈ D, except s = 1 when χ 6= 1. For t ∈ Cp with
|t |p ≤ 1, we see that ∑∞j=0 ( sj ) q(a+p∗t) j [ Fa+p∗t ] jqa+p∗ t B(h)j,qF is analytic for s ∈ D. It readily follows that
〈a + p∗t〉s = 〈a〉s
∞∑
m=0
( s
m
) (
qa[a]−1q [p∗t]q
)m
,
is analytical for t ∈ Cp with |t |p ≤ 1 when s ∈ D. Thus, since (s− 1)L(h)p,q(s, t |χ) is a finite sum of products of these
two functions, it must also be analytical for t ∈ Cp, |t |p ≤ 1, whenever s ∈ D. Note that
lim
s→1(s − 1)L
(h)
p,q(s, t |χ) =
1
[F]q
F∑
a=1
(a,p)=1
χ(a)qhaB(h)
0,qF
. (20)
We now let n ∈ Z, n ≥ 1, and fix t ∈ Cp with |t |p ≤ 1. Since F must be a multiple of fχn , by (4), we see that
B(h)n,q,χn (p
∗t) = [F]n−1q
F∑
a=1
χn(a)q
haB(h)
n,qF
(
a + p∗t
F
)
. (21)
If χn(p) = 0, then (p, fχn ) 6= 1, so that Fp is a multiple of fχn . Therefore, we obtain
χn(p)[p]n−1q B(h)n,q p,χn (p−1 p∗t) = [F]n−1q
F∑
a=0
p|a
χn(a)q
haB(h)
n,qF
(
a + p∗t
F
)
. (22)
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The difference of these quantities yields
B(h)n,q,χn (p
∗t)− χn(p)[p]n−1q B(h)n,q p,χn (p−1 p∗t) = [F]n−1q
F∑
a=1
p-a
χn(a)q
haB(h)
n,qF
(
a + p∗t
F
)
. (23)
From the definition of q-Bernoulli polynomials (see [18]), we note that
B(h)
n,qF
(
a + p∗t
F
)
=
n∑
k=0
(n
k
)
qk(a+p∗t)
[
a + p∗t
F
]n−k
qF
B(h)
k,qF
= [F]−nq [a + p∗t]nq
n∑
k=0
(n
k
)
qk(a+p∗t)
[
F
a + p∗t
]k
qa+p∗ t
B(h)
k,qF
.
Since χn(a) = χ(a)w−n(a) and for (a, p) = 1, and t ∈ Cp with |t |p ≤ 1, we have
B(h)n,q,χn (p
∗t)− χn(p)[p]n−1q B(h)n,q p,χn (p−1 p∗t)
= 1[F]q
F∑
a=1
(a,p)=1
χ(a)qha〈a + p∗t〉n
n∑
m=0
( n
m
)
q(a+p∗t)m
( [F]q
[a + p∗t]q
)m
B(h)
m,qF
. (24)
Thus, we see that
−1
n
(
B(h)n,q,χn (p
∗t)− χn(p)[p]n−1q B(h)n,q p,χn (p−1 p∗t)
)
= L(h)p,q(1− n, t |χ), for n ∈ N.
Therefore we obtain the following theorem:
Theorem 3. Let F be a positive integral multiple of p∗ and f = fχ , and let
L(h)p,q(s, t |χ) =
1
s − 1
1
[F]q
F∑
a=1
(a,p)=1
χ(a)qha〈a + p∗t〉1−s ·
∞∑
m=0
(
1− s
m
)
q(a+p∗t)m
[
F
a + p∗t
]m
qa+p∗ t
B(h)
m,qF
.
Then, L(h)p,q(s, t |χ) is analytical for t ∈ Cp, |t |p ≤ 1, h ∈ Z, provided s ∈ D, except s = 1. Also, if t ∈ Cp, |t |p ≤ 1,
this function is analytical for s ∈ D when χ 6= 1, and meromorphic for s ∈ D, with simple pole at s = 1 having
residue h[h]qF
[hF]q
[F]q
(
1
[h]q − 1[hp]q
)
when χ = 1. Furthermore, for each n ∈ Z, n ≥ 1, we have
L(h)p,q(1− n, t |χ) = −
1
n
(
B(h)n,q,χn (p
∗t)− χn(p)[p]n−1q B(h)n,q p,χn (p−1 p∗t)
)
.
Remark. Note that limq→1 L(h)p,q(s, 0|χ) = L p(s, χ) for s ∈ D with s 6= 1 if χ = 1, where L p(s, χ) is Kubota-
Leopoldt’s p-adic L-function, cf. [5–8,11,13,20,23,24]. For r ∈ Zp, if we define
ζ (h)p,q(r) =
1
r − 1 limk→∞
1
[pk]q
pk−1∑
m=0
qhm
[m]r−1q
,
then we have
ζ (h)p,q(1− k) = −
B(h)k,q
k
, k ∈ N.
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Thus, we note that
L(h)p,q(r, χ) =
1
r − 1 limk→∞
1
[ f pk]q
∑
1≤n≤ f pk
∗
χ(n)qhn〈n〉1−r .
From Theorem 3, we can easily derive the relation between p-adic q-L-function and p-adic q-Volkenborn integral on
X∗ as follows:
L(h)p,q(1− k, χwk) = −
1
k
∫
X∗
χ(x)[x]kqq(h−1)xdµq(x).
We now consider the q-analogue of the partial p-adic zeta function as follows:
H (h)p,q(s, a|F) = qha
1
s − 1
1
[F]q 〈a〉
1−s
∞∑
j=0
(
1− s
j
)
q ja
[
F
a
] j
qa
B(h)
j,qF
,
where s ∈ D, s 6= 1, a ∈ Z with (a, p) = 1, and F is a multiple of p∗, cf. [8,13]. The function L(h)p,q(s, χ) can be
rewritten as the sum
L(h)p,q(s, χ) =
F∑
a=1
(a,p)=1
χ(a)H (h)p,q(s, a|F), cf. [8,13],
provided F is a multiple of both p∗ and f = fχ . The function H (h)p,q(s, a|F) is a meromorphic function for s ∈ D
with a simple pole at s = 1, having residue h[Fh]q qha , and it interpolates the values
H (h)p,q(1− n, a|F) = −
1
n
qha[F]n−1q w−n(a)B(h)n,qF
( a
F
)
,
where n ∈ Z, n ≥ 1, cf. [8–19]. By using H (h)p,q(s, a + p∗t |F), we can express L(h)p,q(s, t |χ) for all a ∈ Z, (a, p) = 1,
and t ∈ Cp with |t |p ≤ 1, as follows:
L(h)p,q(s, t |χ) =
F∑
a=1
(a,p)=1
χ(a)H (h)p,q(s, a + p∗t |F).
It is easy to see that H (h)p,q(s, a + p∗t |F) is analytic function for t ∈ Cp, |t |p ≤ 1, where s ∈ D, s 6= 1, and
meromorphic function for s ∈ D, with a simple pole at s = 1, when t ∈ Cp, |t |p ≤ 1. Let us consider the first partial
derivative of the function L(h)p,q(s, t |χ) at s = 0. The value of ∂∂s L(h)p,q(0, t |χ) is the coefficient of s in the expansion of
L(h)p,q(s, t |χ) at s = 0. By using Taylor expansion at s = 0, we see that
1
1− s = 1+ s + · · · ,
〈a + p∗t〉1−s = 〈a + p∗t〉 (1− s logp〈a + p∗t〉 + · · ·) ,(
1− s
m
)
= (−1)
m+1
m(m − 1) s + · · · .
By employing these expansions, along with some algebraic manipulation, we evaluate ∂
∂s L
(h)
p,q(0, t |χ). From the
definition of L(h)p,q(s, t |χ), we note that
∂
∂s
L(h)p,q(s, t |χ)|s=0 =
F∑
a=1
(a,p)=1
χ1(a)q
ha
{( [a + p∗t]q
[F]q B
(h)
0,qF
+ B(h)
1,qF
)
logp〈a + p∗t〉
− [a + p
∗t]q
[F]q B
(h)
0,qF
+
∞∑
m=2
(−1)m
m(m − 1)
( [a + p∗t]q
[F]q
)1−m
B(h)
m,qF
}
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−
F∑
a=1
(a,p)=1
χ1(a)q
haB(h)
1,qF
+ (q − 1)
F∑
a=1
χ1(a)q
ha
{
[a + p∗t]qB(h)1,qF (logp〈a + p∗t〉 − 1)
+
∞∑
m=2
(−1)m
m(m − 1)
m∑
l=1
(m
l
)
(q − 1)l−1[a + p∗t]l−m+1q [F]m−1q B(h)m,qF
}
. (25)
The Diamond gamma function is defined by
G p(x) =
(
x − 1
2
)
logp x − x +
∞∑
j=2
B j
j ( j − 1) x
1− j , for |x |p > 1, cf. [5,6,20,23]. (26)
Since w(a) is a root of unity for (a, p) = 1, we see that
logp〈a + p∗t〉 = logp([a + p∗t]q)+ logp w−1(a) = logp([a + p∗t]q), cf. [24].
For f ∈ UD(Zp,Cp) = { f | f : Zp → Cpis uniformly differentiable function}, the q-Volkenborn integral is defined
by
Iq( f ) =
∫
Zp
f (x)dµq(x) = lim
N→∞
1
[p]Nq
pN−1∑
x=0
f (x)qx , cf. [18]. (27)
It is easy to see that
q Iq( f1) = Iq( f )+
(
q − 1
logp q
f ′(0)+ (q − 1) f (0)
)
, where f1(x) = f (x + 1).
If we take f (x) = q(h−1)xet[x]q , (h ∈ Z), then we have∫
Zp
q(h−1)xe[x]q tdµq(x) = −t
∞∑
n=0
ql(h+1)e[l]q t + (1− q)h
∞∑
l=0
qlhe[l]q t .
Thus, we note that∫
Zp
q(h−1)x [x]nqdµq(x) = B(h)n,q , for h ∈ Z . (28)
We now consider a locally analytical function G(h)p,q(x) which is the q-extension of Diamond gamma function as
follows:
G(h)p,q(x) =
∫
Zp
{
(x + [z]q) logp(x + [z]q)− (x + [z]q)
}
q(h−1)zdµq(z), for |x |p > 1. (29)
From the above Eq. (29), we note that G(h)p,q(x) is locally analytical on Cp \ Zp. By (28) and (29), we easily see that
G(h)p,q(x) =
(
x B(h)0,q + B(h)1,q
)
logp x − x B(h)0,q +
∞∑
n=1
(−1)n+1
n(n + 1) B
(h)
n+1,q x
−n, for |x |p > 1. (30)
Note that limq→1 G(h)p,q(x) = limh→0 G(h)p,q(x) = G p(x). From (25) and (30), we can derive the below formula:
∂
∂s
L(h)p,q(0, t |χ) =
F∑
a=1
(a,p)=1
χ1(a)q
haG(h)
p,qF
( [a + p∗t]q
[F]q
)
−
F∑
a=1
(a,p)=1
χ1(a)q
haB(h)
1,qF
+ logp[F]q
F∑
a=1
(a,p)=1
χ1(a)q
ha
( [a + p∗t]q
[F]q B
(h)
0,qF
+ B(h)
1,qF
)
T. Kim / Discrete Mathematics 309 (2009) 1593–1602 1601
+ (q − 1)
F∑
a=1
(a,p)=1
χ1(a)q
ha
{
[a + p∗t]qB(h)1,qF (logp〈a + p∗t〉 − 1)
+
∞∑
m=2
(−1)m
m(m − 1)
m∑
l=1
(m
l
)
(q − 1)l−1[a + p∗t]l−m+1q [F]m−1q B(h)m,qF
}
.
Therefore we obtain the following theorem:
Theorem 4. Let χ be the primitive Dirichlet character, and let F be a positive integral multiple of p∗ and f = fχ .
Then for any t ∈ Cp with |t |p ≤ 1, h ∈ Z, we have
∂
∂s
L(h)p,q(0, t |χ) =
F∑
a=1
(a,p)=1
χ1(a)q
haG(h)
p,qF
( [a + p∗t]q
[F]q
)
−
F∑
a=1
(a,p)=1
χ1(a)q
haB(h)
1,qF
+ logp[F]q
F∑
a=1
(a,p)=1
χ1(a)q
ha
( [a + p∗t]q
[F]q B
(h)
0,qF
+ B(h)
1,qF
)
+ (q − 1)
F∑
a=1
(a,p)=1
χ1(a)q
ha
{
[a + p∗t]q
(
logp〈a + p∗t〉 − 1
)
B(h)
1,qF
+
∞∑
m=2
(−1)m
m(m − 1)
m∑
l=1
(m
l
)
(q − 1)l−1[a + p∗t]l−m+1q [F]m−1q B(h)m,qF
}
.
Note that
lim
q→1
∂
∂s
L(h)p,q(0, t |χ) =
∂
∂s
L p(0, t |χ) =
F∑
a=1
(a,p)=1
χ1(a)G p
(
a + p∗t
F
)
− L p(0, χ) logp F.
The formula in Theorem 4 can be considered as the generalization of Ferrero-Greenberg theorem, cf. [5–8,11,13,20,
23,24].
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